We investigate the semiclassical instability of the Randall-Sundrum brane-world. We carefully analyze the bubble solution with the Randall-Sundrum background which expresses the decay of the brane-world. We evaluate the decay probability following the Euclidean path integral approach to the quantum gravity. Since a bubble rapidly expand after the nucleation, the full space-time will be occupied by such bubbles. §1. Introduction
§1. Introduction
In the nonperturbative approach to string theory, it is getting to be believed that the standard model particles are confined to branes 1) . This opened up the so called brane-world scenario of the universe. The simplest models are proposed by Randall and Sundrum 2), 3) . Therein the four-dimensional Minkowski brane is located at the boundary of the five-dimensional anti-de Sitter (adS) space-time. The first Randall-Sundrum model (RS1) is motivated by the hierarchy problem and consists of two 3-branes 2) . The second Randall-Sundrum model (RS2) consists of a single 3-brane 3) . It has been shown that the four-dimensional gravity rather than that of five dimensions is recovered at low energy scale on the branes 4), 5) . This is a new type of dimensional reduction alternative to the Kaluza-Klein compactification. Thus a possibility of noncompact extra dimension comes out. The RS models can describe standard cosmology at low energy scale. There are indeed exact solutions describing the homogeneous and isotropic expanding universe 6) . Moreover, the RS brane-world has comprehensive features, e.g., the adS/CFT interpretation 7) .
Although RS models has great success, there are still fundamental question on the stability. There are mainly two problems on RS1 models. One is the radius stabilization. In order to recover the correct four-dimensional gravity we must assume that the distance between branes is stabilized 8) . The toy model for the stabilization problem has been proposed by Goldberger and Wise 9) .
The stability problem which we will consider in the present paper concerns quantum process. In the unified Kaluza-Klein theory, it is well-known that the KaluzaKlein vacuum is unstable against the decay channel to the Kaluza-Klein bubble space-time 10), 11) . One might be afraid of a similar instability of the RS model. This has been firstly pointed out in Ref. 12), 13) . An explicit example describing a sort of the Kaluza-Klein bubble in the RS1 model (namely RS bubble) is discovered in our previous paper 14) (A solution slightly relevant is presented in 15) ). This decay channel should be suppressed in some way, such that the RS model can work. The purpose of this paper is to estimate the transition rate of the RS vacuum to the RS bubble in the framework of the Euclidean path integral procedure.
The rest of this paper is organized as follows. In Sec. 2, we briefly review the RS bubble space-time. In Sec. 3, we calculate the transition probability of the RS vacuum to the RS bubble space-times. In Sec. 4 we summarize the present work. For brevity we will set the five-dimensional gravitational scale to unity, G 5 = κ 2 5 = 1. §2. Randall-Sundrum bubble
We briefly review the Randall-Sundrum bubble discovered in the previous paper 14) . The RS model of two brane system (RSI) 2) is given by the metric of the form g = dy
where η µν is the four-dimensional Minkowski metric and 0 ≤ y ≤ y 0 . The metric (2 . 1) is that of of the five-dimensional adS space, and the positive and negative tension branes are located at y = 0 and y = y 0 , respectively. The tension λ of the (±)-branes are given by ±6/ℓ and the extrinsic curvatures on the branes are given by
is satisfied, where n = ±∂ y is the outward unit normal vector to the boundary and h µν = e −2y/ℓ η µν . If the four-dimensional metric η µν is replaced by a Ricci-flat metric q µν , then Eq. (2 . 1) represents an more generic Einstein metric. Let us write the brane-metric in the form
where dΩ 2 2 denotes the standard metric of the unit two-sphere. The metric (2 . 3) represents the spherical Rindler space, which is locally flat, but geodesically incomplete at the null hypersurface r = 0 (Rindler horizon). Each r = constant hypersurface corresponds to the world sphere in a uniformly accelerated expansion. We here consider another generalization of Eq. (2 . 1) with a same asymptotics as Eq. (2 . 3) on the brane. This is given by * )
where ρ * > 0 is a constant, a := e −y/ℓ and 0 ≤ y ≤ y 0 . The positive and negative tension branes are located at y = 0 and y = y 0 , respectively. The metric (2 . 4) solves the five-dimensional Einstein equation with a negative cosmological term and * ) Operating the signature change of Λ and the double Wick rotation(Λ → −Λ, y → it and τ → i(θ + π/2)), it turns out that this metric describes the five-dimensional Schwarzshild-deSitter space-time in the isotropic coordinate. For the four and more higher dimensional case see the references 16), 17) .
Eq. (2 . 2) is also satisfied at every y = constant hypersurface. The coordinate system used here is inappropriate at ar = ρ * , however this is only a coordinate singularity as shown below. From now on we will construct RS bubble space-times in the global sense. And then we will investigate the global structure of the RS bubble space-times. The metric (2 . 4) is obtained by analytic continuation of the five-dimensional adSSchwarzschild space-time, of which metric has the form
This metric can be analytically continued at the totally geodesic surfaces T = 0 and χ = π/2 by replacement of the coordinates
Then the metric becomes
which represents the straightforward generalization of the Kaluza-Klein bubble in local sense. To arrive at the brane-world metric (2 . 4), we consider the coordinate transformation given by
where ρ * = R * /2 and the coordinates range over (−∞ < y < +∞, ar > ρ * ). This chart covers the region R > R * of the {Θ, R}-coordinate system. The y = 0 surface is geodesically incomplete at r = ρ * [(Θ, R) = (0, R * )]. This can easily be made geodesically complete by reflecting with respect to the surface Θ = 0; If the y = 0 surface is given by B + : {Θ = f (R)}, then the reflected surface B − : {Θ = −f (R)} smoothly continues to B + at R = R * (see Fig. 1 ). Similarly, the (−)-tension brane at y = y 0 can be obtained byB =B + ∪B − , whereB ± : {Θ = ±f (R) + y 0 } (see Fig. 2 ). Cutting and gluing the RS bubble space-time with two 3-branes are obtained as Fig.  2 .
Finally consider the induced geometry of the brane. It can be shown that the induced metric, h, is given by
The coordinate r now ranges all positive value, where the region r > ρ * corresponds to B + and 0 < r < ρ * to B − [note that the metric (2 . 11) is invariant under r → ρ 2 * /r]. Let us introduce null coordinates u ± = τ ∓ ln(r/ρ * ), then the metric (2 . 11) becomes
where
Then, the expansion rates of the outgoing and the ingoing spherical rays are given by 1. I R : right asymptotic region
. The Penrose diagram corresponding to the situation is depicted in Fig. 3 .
Each τ = constant hypersurface has the Einstein-Rosen bridge around r = ρ * . Thus, both of the bulk and the brane has non-trivial topology (simply connected but with non-vanishing second Betti number), which represents the creation of a sort of bubbles. One however cannot traverse from one side to the other; Once someone steps into T P , he will never make an exit. Thus, the region T P is a kind of black holes, though there is much difference from what we know of black holes. In particular, the total gravitational energy vanishes, which indicates that the RSI model might decay by creating RS bubbles semi-classically as we will discuss in the next section. This strange structure comes from the fact that there is the effective negative energy distribution on the brane, which comes from the electric part of the five-dimensional Weyl tensor 14) .
The RS1 model might decay by creating the RS bubbles semi-classically. A creation of a bubble implies a connection of two branes through a topology changing process of the bulk and the brane. To be a good model of the universe, the RS1 model should be stabilized against this kind of instability. In the next section we will estimate the decay probability from the RS1 model to the RS bubble. §3. Quantum creation of the Randall-Sundrum bubble
Decay Rate
Let us discuss the decay of RS vacuum to RS bubble space-times. The corresponding Euclidean solution is obtained by the Wick rotation, τ → iτ E + π/2 of the metric of Eq. (2 . 4):
where dΩ 2 3 = dτ 2 E + sin 2 τ E dΩ 2 2 is the standard metric of the S 3 . From now on we will estimate the nucleation probability of the RS bubble. Since we are interested in the transition rate of RS vacuum to bubble, we can use the following formula for the decay probability 19) P ∼ e
where S E and S
E are the Euclidean action of the RS bubble and the RS vacuum, respectively. The Euclidean action S (0) E is evaluated by the RS vacuum with the metric E is well-defined in the limit r c → +∞.
The Euclidean action of the system consists of contributions;
7)
The positive and negative tension branes are denoted by B andB, respectively, λ ± = ±6/ℓ is the tension of each brane, Λ = −6/ℓ 2 is the bulk cosmological constant, and M is the bulk with the cutoff r = r c . S p is the contribution from the edge p which is the intersection surface of B andB.
From the Einstein equation and the junction condition under Z 2 symmetry,
and
are obtained, where V ol n denotes the n-dimensional volume.
Euclidean action of RS vacuum
For the RS vacuum the volumes of the bulk and the branes become
Each contribution to the action therefore becomes
14)
Since there is no edges in RS vacuum, S (0) p = 0. Thus the total Euclidean action of the RS vacuum is given by
Note that the contributions from the bulk and the brane exactly cancel out due to the exact balance of the bulk cosmological constant and the tension of the flat branes; 
where a 0 = e −y 0 /ℓ and r 0 (y) is implicitly defined as the larger solution of the equations
(3 . 23)
As seen later we need the numerical computation for r 0 (y) in general. Though both S bulk and S brane are unbounded, the divergent terms again cancel out and then
denotes the half of the volume radius at p. As seen later S bulk + S brane is almost zero compared with S p .
The r = r c term S ∞ of the Euclidean action is estimated as
This shows that the contribution from the boundary is also finite:
where ∆φ p is the exterior angle in (R,Θ)-plane at p. The exterior angle ∆φ p is evaluated as
where n ± are the unit normal vectors of the (±)-branes at p given by
Thus we obtain
Gathering Eqs (3 . 24) (3 . 26) and (3 . 30), we obtain the total action of Eq. (3 . 4). 
Estimation of the Decay Rate
It is now ready to evaluate the transition probability from the RS vacuum to the RS bubble: and ρ p becomes
Then, we obtain
With the further approximation y 0 /ℓ ≪ 1, the difference from the Euclidean action becomes
where G 5 has been recovered. When R * /ℓ ≫ 1 on the other hand, we have 1 − (R * /R) 2 ≪ (R/ℓ) 2 , so that the coordinate transformation can be explicitly carried out in this case. Then, r 0 (y) is simply given by
where the upper sign is for the bulk and the positive tension brane, and the lower sign is for the negative tension brane. Under this approximation, we can see that the term S bulk + S brane has only a small contribution. In addition, we have [S ∞ ] ≃ −6π 2 ρ 2 * ℓ(1 − e −2y 0 /ℓ ) + 4π 2 ρ 2 * y 0 and S p ≃ 8π 2 ρ 2 * ℓ sinh(y 0 /ℓ). Except for the large numerical prefactor, the dependence of [S E ] on physical parameters ρ * and ℓ is argued in our previous paper 14) . In any case the RS bubble with small ρ * will be easily nucleated. Once created, the bubble quickly expands with almost speed of light and occupies the full universe. §4. Summary
Let us summarize our study. We have investigated the instanton solution which describes the decay of the RS vacuum to the RS bubble. The decay probability is numerically estimated. We also derived the analytic formula of the decay probability for the large RS bubbles. As a result it turns out that the RS vacuum (RSI models) is definitely unstable. The RS bubble with a smaller size is more favorable than that with a larger size, as one might expect.
Our result brings forward a problem concerning the stability of the brane world. The full space will be quickly occupied by the RS bubbles after the creation. This is however a topological changing process, so that this instability might be forbidden by introduction of spinor fields. Otherwise, RSI model for the gauge hierarchy problem does not work. A supersymmetry might serve as the stabilizer.
